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Stochastic Process

Stochastic process: a collection of random variables

{. . . ,Y−1,Y0,Y1,Y2, . . . ,YT , . . .} = {Yt}∞−∞.

Observed series {y1, y2, . . . , yT} – realizations of a stochastic process.

We want a model for {Yt}−∞∞ to explain observed realizations {yt}T
1 .
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j

Note: mean is time-invariant
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j

Note: covariance doesn’t depend on t
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j

Note: Var(Yt) = γ0 – variance also constant.
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j

It is weak stationarity because it only relates to the first two moments.
Higher moments can be time-variant.
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Covariance-Stationary

Definition

{Yt} is covariance-stationary (weak stationary) if
(i) E[Yt] = µ ∀t

(ii) Cov(Yt, Yt−j) = E[(Yt − µ)(Yt−j − µ)] = γj , ∀t, j

It is weak stationarity because it only relates to the first two moments.
Higher moments can be time-variant.
Normality⇒ strong stationarity: whole distribution depends on the first
two moments.

Examples
1 Yt ∼ iid(0, σ2)⇒ {Yt} white noise (WN).
2 Yt ∼ iidN(0, σ2)⇒ Gaussian white noise.



Outline Covariance-Stationary Process Wold’s Decomposition Theorem ARMA Models AR(1) Model

Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

t - time dummy
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

deterministic part
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

stochastic component
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

E[Yt] = β · t depends on t
But, Xt = Yt − βt is covariance stationary.
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

E[Yt] = β · t depends on t
But, Xt = Yt − βt is covariance stationary.

2 Yt = Yt−1 + εt, εt ∼ WN,Y0 constant
Random walk
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Nonstationary Processes

Examples:

1 Yt = β · t + εt, εt ∼ WN

E[Yt] = β · t depends on t
But, Xt = Yt − βt is covariance stationary.

2 Yt = Yt−1 + εt, εt ∼ WN,Y0 constant
Solving recursively :

Yt =
t∑

j=1

εj + Y0.

E[Yt] = Y0, time-invariant mean.
But Var(Yt) = t · σ2 depends on t.
Xt = Yt − Yt−1 is covariance stationary.
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Wold’s Decomposition Theorem

Any covariance stationary {Yt} has infinite order, moving-average rep-
resentation:

Yt =
∞∑

j=0

ψjεt−j + κt, ψ0 = 1, εt ∼ WN.
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Wold’s Decomposition Theorem

Any covariance stationary {Yt} has infinite order, moving-average rep-
resentation:

Yt =
∞∑

j=0

ψjεt−j + κt, ψ0 = 1, εt ∼ WN.

Linear combination of εs (innovations over time)
Weights does not depend on time t, they only depend on j, i.e. how long
ago the shock ε occurred.
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Wold’s Decomposition Theorem

Any covariance stationary {Yt} has infinite order, moving-average rep-
resentation:

Yt =
∞∑

j=0

ψjεt−j + κt, ψ0 = 1, εt ∼ WN.

∑∞
j=0 ψ

2
j <∞,

εt ∼ WN(O, σ2),
κt deterministic term (perfectly forecastable).
Example: κt = µ, constant mean.
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Wold’s Decomposition Theorem - Illustration

Let Xt = Yt − κt. Then,

E[Xt] =
∞∑

j=0

ψjE[εt−j] = 0,

E[X2
t ] =

∞∑
j=0

ψ2
j E[ε2

t−j] = σ2
∞∑

j=0

ψ2
j <∞,

as εt are independent; we have constant finite variance.
E[Xt · Xt−j] = E[(εt + ψ1εt−1 + ψ2εt−2 + . . .)(εt−j + ψ1εt−j−1 + ψ2εt−j−2 + . . .)]

= σ2(ψj + ψj+1ψ1 + ψj+2ψ2 + . . .)

= σ2
∞∑

k=0

ψkψk+j, depends on j not t.

So we have a covariance stationary process in mean and variance.
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ARMA Models

Approximate Wold form with finite number of parameters.
Wold Form:

Yt − µ =
∞∑

j=0

ψjεt−j, εt ∼ WN,

ARMA(p,q):

Yt−µ = φ1(Yt−1−µ)+ . . .+φp(Yt−p−µ)+εt +θ1εt−1 + . . .+θqεt−q.
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Lag Operator

LXt ≡ Xt−1,

L2Xt = L · LXT = Xt−2,

L−1Xt ≡ Xt+1,

∆Xt = (1− L)Xt = Xt − Xt−1.
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ARMA Models in Lag Notaion

ARMA(p,q):

Yt−µ = φ1(Yt−1−µ)+ . . .+φp(Yt−p−µ)+εt +θ1εt−1 + . . .+θqεt−q.

With lag operator:

φ(L)(Yt − µ) = θ(L)εt,

where
φ(L) = 1− φ1L− φ2L2 − . . .− φpLp,

θ(L) = 1 + θ1L + θ2L2 + . . .+ θqLq.
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Stochastic Difference Equation (SDE) Representation

Let Xt = Yt − µ and wt = θ(L)εt, then

φ(L)Xt = wt or Xt = θ1Xt−1 + . . .+ θpXt−p + wt,

is a p-order stochastic difference equation.
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SDE Representation - AR(1) Example

Example: First-order SDE (AR(1)):

Xt = φXt−1 + εt, εt ∼ WN

Solve for Wold Form (recursive substitution)

Xt = φt+1X−1 + φtε0 + φt−1ε1 + . . .+ φεt−1 + εt

= φt+1X−1 +

∞∑
i=0

ψiεt−i.

where X−1 is an initial condition and ψi = φi.
We approximated Wold form with 1 parameter form for AR(1).
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