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@ Covariance-Stationary Processes
© Wold Decomposition Theorem
© ARMA Models

© Autoregressive Models
@ Stability and Eigenvalues

© Moving Average Models
© Auto-Correlation Function (ACF)

@ Partial Auto-Correlation Function (PACF)

AR(1) AR(p) Moving Average
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Stochastic Process

@ Stochastic process: a collection of random variables
{ .Y, Y0, Y1, Yo, ..., Y, = {V .
@ Observed series {yi, 2, ..., yr} —realizations of a stochastic process.

We want a model for {Y,}5> to explain observed realizations {y, } .



{Y,} is covariance-stationary (weak stationary) if
() E[V]=p WVt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yij — )] =

Vi, j
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{Y,} is covariance-stationary (weak stationary) if
() E[V]=p WVt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yij — )] =

vi,j

Note: mean is time-invariant
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{Y,} is covariance-stationary (weak stationary) if
() E[V]=p WVt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yij — )] =

Vi, j

Note: covariance doesn’t depend on ¢
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{Y,} is covariance-stationary (weak stationary) if
() E[V]=p WVt

(i) Cov(Y,,Yi—j) = E[(Y: — p)(Yij — )] =

Vi, j

Note: Var(Y;) = -y — variance is also constant.
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Covariance-Stationary

Definition

{Y,} is covariance-stationary (weak stationary) if
() Ex]=p Wt

(i) Cov(¥e,Yiy) = E[(Yi — 0)(Yiy — )] =7, Vtj

o It is weak stationarity because it only relates to the first two moments.
Higher moments can be time-variant.
Examples
@ Y, ~iid(0,0%) = {Y,} white noise (WN).
@ Y, ~iidN(0,0?) = Gaussian white noise.
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Strict (Strong) Stationary

Definition

{Y,} is (strictly/strongly) stationary if for any values of ji, 2, - - . , ju the joint
distribution of (Y1, Yi1j,, Yiyj,, - - -, Yiij,) depends only on the intervals
separating the dates (ji,ja, . . . ,jn) and not on date itself (¢).

e Forall m, t1,tp,...,t,:

FY(ytlayl‘za ER 7}’:,,) = FY(ytl+Taytz+Ta s 7yl,,+7')
o If a process is strictly stationary with a finite second moment it is also
covariance-stationary.

o Normality = strong stationarity: whole distribution depends on the first
two moments.



Examples:

‘ Yt:’B.t'i‘En

e ~ WN

«Or aFr

Q>



Examples:

‘ Yt:’B.t'i‘En

t - time dummy

e ~ WN
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Examples:

‘ Yt:’B.t'i‘En

deterministic part

e ~ WN
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Examples:

o Yt=/8't+€t7

stochastic component

gtNWN
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Examples:

QY =0 1+e, e~ WN
e E[Y]=[-t dependson ¢

e ButX, =Y, — -t is covariance stationary
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Examples:

QY =0 1+e, e~ WN
e E[Y]=[-t dependson ¢
e ButX, =Y, — -t is covariance stationary
Q@Y =Y_+e,

g; ~ WN, Y, constant
o Random walk

«O> «Fr « =
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Nonstationary Processes

Examples:
Q@Y =3 1t+eg, g~ WN

e E[Y]=[-t dependson ¢
e ButX; =Y, — -t is covariance stationary.

Q@Y. =Y_+¢, g; ~ WN, Y, constant
e Solving recursively :

t
Yt:ZEj+YO-

j=1

E[Y,] = Yo, time-invariant mean.
But Var(Y,) = t - o depends on 1.
X, = Y; — Y, is covariance stationary.
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Wold’s Decomposition Theorem

Any covariance stationary {Y;} has infinite order, moving-average rep-
resentation:

oo
Yt:Z?ijEtfj-l-/i[, Py = 1,&, ~ WN.
j=0

e Linear combination of &, (innovations over time)
e Weights does not depend on time ¢, they only depend on j, i.e. how long
ago the shock € occurred.
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Wold’s Decomposition Theorem

Any covariance stationary {Y;} has infinite order, moving-average rep-
resentation:

oo
Yt:Z?ijEtfj-l-/i[, Py = 1,&, ~ WN.
j=0

>0 ¥j < oo,

e ~ WN(0, %),

e K, deterministic term (perfectly forecastable).
Example: x; = 1, constant mean.
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Wold’s Decomposition Theorem - Illustration

Let X, = Y; — k;. Then,

EX) = > Ele =0,
j=0

oo o0
EX]] = Y WE[ ]=0") ¢ <oo,
=0 j=0
as ¢, are independent; we have constant finite variance.
E[X, 'Xz—j] = E[(ei +1&-1 + g2 + .. -)(Er—j +Y1&6—j—1 + Vagi—j2

= (Y + Yt + Yiathn + .. )

o0
= o’ Z (X IPER depends on j not .
k=0

So we have a covariance stationary process in mean and variance.



o Approximate Wold form with finite number of parameters.
Wold Form:

Yy—p=Y e, &~ WA,
=0
ARMA(p,q):

Yt_/,l/ == ¢1(Yt—1_1u’)+"'+¢p(Yt—p_/'l’)+€t+01€t—l+'"+0q€t—q'
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Define the operator L as

Xt 2.

LXt = Xt—la
L*X, L-LX, =
In general,
L*X, = X,
If ¢ is a constant
Lec=c.
Also,
L7'X, = X,

AX, (1-L)X, =

— X1
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It satisfies

L(aX, + pY;) =

aX;1 + Y1
(aL+bL*X, = =aX, |+ bX, ,,
and, when |¢| < 1,

lim (1 + ¢L + ¢*L* + ...
Jj—oo

+ @) = (1 - L)~
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ARMA Models in Lag Notaion

o ARMA(p, g):
Yi—p=¢1(Yi1—p)+. . +0p(Yip—p) &+ 0181+ ..+ 048y,
or
Yi—p—1(Yimi—p)—. .. — (Y — 1) = &+ 0161+ . .+ 0,6y,

@ With lag operator:

where

$(L) = 1=diL—pl® —... =L,
OL) = 1+6,L+60,L"+...+0,L%
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Stochastic Difference Equation (SDE) Representation

Let X[ = Y[ — K and Wy = Q(L)gt.

Then
(L)X, = wr,

or
X=X +...+ Qsttfp + wy,

is a pth-order stochastic difference equation.
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SDE Representation - AR(1) Example

Example: First-order SDE (AR(1)):

X; = ¢X;—1 + &, g~ WN

e Solve for Wold Form (recursive substitution)

X, = ¢’+1X_.+¢’a +¢ e+t pe e

- t+1 -1+ Z'I/}tel i

where X_| is an initial condition and ¢; = ¢'.
o We approximated Wold form with 1 parameter form for AR(1).
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Dynamic Multiplier

The dynamic multiplier measurers the effect of €, on subsequent values

of X, : 5 5

Xitj _ 0X;

i v ' AN 1

Oe, Oeg v M
For the X, being AR(1) process

8Xt+j j

= = 2
agt wj ¢] ( )

The dynamic multiplier for any linear difference equations depends only
on the length of time j, not on time ¢.



The impulse-response function is a sequence of dynamic multipliers as
a function of time from the one time impulse on &,

IRF

L L L . s, Time
0
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@ Permanent increase in € attime t,i.e. &, = 1,41 = 1,400 = 1,. ..

0Xiyj | Xy | OXiyj 0Xi4
+ + . =i+ +.. P+
65: 6514—1 55,_,_2 85t+j w] wj 1 ’(/J

@ In the limit, as j — oo

. 6X[+' 8Xt+~ 8X,+~ >
lim;_, o EREE EREE I = i =(1),
oo | B+ e T ;w (1)
where
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AR(1) Model

Recall
X, = ¢Xi—1+tep, g~ WN,
o0 o)
= D day=) be
=0 =0
‘Wold coefficients
)
Yy = o, Yy = 85,]

e If |¢| < 1X, is stationary solution to first-order SDE.
o If¢=1thenyyj=1Vjand X,=X_;+ Z}’.:O €; is neither stationary
nor stable solution, and (1) is infinite.



AR(1):

X, = oXi1+e, g~ WN,
(1 - ¢L)Xt = &

Multiply both sides by (1 — ¢L)~!:

X, = (1_¢L)_15t
= (14+¢L+ ¢’ L* + &L +.. s

o0 o0
= Z Perj= Z Yier—j,
j=0 J=0

Y(L) = (1—oL)™"

«4O0>» <Fr <> « >

DA



For AR(1), if |¢| < 1

o the permanent increase in ¢; equals

8Xt+j 8X,+j 8X,+j 2 3
S+ T =140+ 4+ 9+
65[ 8€t+1 3E,+j ¢ ¢ ¢
and asj — oo

Y1) =1+¢+¢ +...=1/(1-¢)

e the cumulative consequences for X of a one-time change in €,

- 3Xr+j

Y e ==
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o Intercept representation for Y; = X, + p

Yi=c+ oYy + &,
@ Mean

where ¢ = p(1 — ).

E[Y]] = ¢+ ¢E[Y,-1] + E[e],
Since we have covariance stationary process, E[Y;] = E[Y;—] and
c
ElY,| =
=5

1.
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@ Variance

Var(Y;)

=

[

(Y — H) ]
= E (¢(Yt 1= )+ Et)2]
= GE[(Yi1 — 1)’ + 20E[(Y,—1 — p)el] + E[e]).

Since Y, is covariance stationary and ¢, is independently distributed,
Var(Y;) = Var(Y,—1)

and
E[thlfz] =0,

SO




@ Covariance

COV(Yt, Yt—j)

E[(Y; — U)(Yt—j — )]
Cov(Y;,Y;—;)

PE[(Yi—1 — p1)(Yi—j — p)] + Ele,(Yi—; — p)],
V= ¢’Yj—1-
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"] SUmml'ng up

C
[Yt] = T L
1 2
g
Co - (Yt) - 1_— iz =Y,
V(Yt, Yt_]) = FX] = QZ)%_I.

(O aFr < =»
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@ Define

pj = U~ Jj™ autocorrelation = corr(Y,,Y,))
Yo
e For AR(1), pj = ¢pj_1.

o For AR(1) ACF and IRF are the same. In general it not true.
o ACFe< —1,1>.
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°e0<p<l

ACF AR(1), ¢= + 0.6

o —1<¢<0

05

«Or <Fr «=)>»

«E>

Q>



An AR(p) process

Yi—p=¢1(Yio1 —p) + pa(Yia —pp) + ... + ¢P(Yt—p — ) + v,

can be rewritten as a 1* order system

e
| Yio1—p [
I Yio—p I

{)’, /71/’|

In the state-space, companion form notation

Br=F-Bii+&

and we are back in 1* order system.

~ O~ ~

1
~

«O» «Fr <

1 MU

2 — M

\
-
e —

it
v

a

it
v

DA



Oulllm Covariance-Stationary Process ‘Wold’s Decomposition Theorem ARMA Models AR(1) AR(p) Moving Average
0000 oo 000000000 000000000000 000000000

Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1 (Y1 — ) +¢2(Y172 — 1) +"'+¢P(Yt7p _M) + vy,

can be rewritten as a 1* order system

Yi—pn Yio1—p
Yioi—p Yio—p
Yio—p = Yios—p
Yipt1 — 1 Yip—p

In the state-space, companion form notation

Bi=F-Bi—1+&
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Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1 (Y1 — ) +¢2(Y172 — 1) +"'+¢P(Yt7p _M) + vy,

can be rewritten as a 1* order system

Y, —n Yioi—p Vi
Yioi—p Yio—p 0
Yi o —p — Yi3—pu + 0
Yipy1 —p Yip—n 0

In the state-space, companion form notation

Bi=F-Bi—1+&
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Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1 (Y1 — ) +¢2(Y172 — 1) +"'+¢P(Yt7p _M) + vy,

can be rewritten as a 1* order system

Yi— o1 @ 1) ) Y1 —p Vi
1 I p—1 p

Yioi—p Yio—p 0

Yio—p = Yios—p + 0

Yipy1 —p Yip—n 0

In the state-space, companion form notation

Bi=F-Bi—1+&
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Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1 (Y1 — ) +¢2(Y172 — 1) +"'+¢P(Yt7p _M) + vy,

can be rewritten as a 1* order system

Yo—p b1 P . Dyt P Yoi—n Vi
Yioi —p 1 0 ... 0 0 Yio—p 0
Yi o —p — Yi3—pu + 0
Yipy1 —p Yip—n 0

In the state-space, companion form notation

Bi=F-Bi—1+&



Outline Covariance-Stationary Process ‘Wold’s Decomposition Theorem ARMA Models AR(1) AR(p) Moving Average
0000 oo 000000000 000000000000 000000000

Pth-order SDE: AR(p)

An AR(p) process

Yi—p=¢1 (Y1 — ) +¢2(Y172 — 1) +"'+¢P(Yt7p _M) + vy,

can be rewritten as a 1* order system

Yi—p $1 P2 o Ppo1 D Yo —p Vi
Yo — 1 0 ... 0 0 Yis—p 0
Yt_27‘LL — 0 1 0 0 Yt_?,*‘u + 0
- 0 0 . 1 0 Y —pt 0

In the state-space, companion form notation

Bi=F-Bi—1+&

and we are back in 1*' order system.



Consider a state space form

Bisj=F T By + Fle+ ...+ Feryj1 + et
AR(p) is stable and stationary if

lim FF =0

Jj—oo

e i.e. when eigenvalues of F are inside unit circle (have modulus < 1).
e Shocks die out.
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o Consider equation

Fx = A\x.

x is eigenvector and A is a corresponding eigenvalue.
To compute the eigenvalue, write it as

(F — A)x = 0.

If x is a non-zero vector then

F — Al is singular = det(F — AIl) = 0.
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Example
Consider the AR(2)

Vi —pu=¢1(Yimy — ) + $o(Yimo — ) + vy

Then, in a matrix notation

B = FBi—1 + &,

_ Yi—pu _ T
TR

Eigenvalues A of the matrix F solves

:>det< ¢1;A ?2)\):/\2—)\9171—%:0,

where

Nt ¢1 +4¢»
' 2

If | \;|<1 fori = 1,2, the AR(2) is stable .
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AR(p): Stability
@ For pth-order SDE, solve
N — N~ A=, =0

@ In general, the solution involve complex and real roots.

o The AR(p) system is stable if all eigenvalues are inside the unit circle.
Note: complex eigenvalues imply periodic behavior.

AR(2), ¢1=+0.4 ¢p=-0.5
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Characteristic Equation

Recall that we could write down AR(p) process

Yi—p= ¢1(Yr—1 - ,U) + ¢ (Yi—a — N) +.F ¢p(Yt7p — 1) + &,

in the lag polynomial form

ALY, — p) =&,

where
(L) =1—¢1L—gol? — ... — L.

The stability can be then studied through the characteristic equation

P2) =1—r1z— " — ... — ¢’ = 0.
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Roots of Characteristic Equation

o The roots (z’s) of characteristic equation, ¢(z) = 0, are inverse of eigen-
values (\’s) of companion matrix F:

z=1/\
as

l—¢iz— — .= = (1=Nz)(1—Xz)- (1= \2)
Z/z—=M)A/z—= X)) (1/z—N)

@ For |z] > 1 stochastic difference equation is stable and stationary.



¢(L) can be decomposed into

Factor the polynomial into AR(1) elements.

(1 =1L —gol? — ... — ¢pLP) = (1 = ML)(1 — L) ... (1 = \)L)

@ Since Vi |\;| < 1 then (1 — \;,L)~! exists and so ¢(L) ! exists

for AR(p).
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Yule-Walker Equations

Variance, covariances, autocorrelations, and dynamic multipliers have

the same p*-order form:
Var(Y,) =7 = ¢+ o+ ...+ @y +o’
Cov(Y,Yi—j) =7 = 11+ dy—a+ o+ Gp—p
corr(Yo,Yioj) = pi = d1pj1+ Gapia+ -+ Gppip

;i P11+ DY + ...+ Py



o AR(2) Example:

P(L)~' = ¢(L) = (L)Y(L) = 1

(1 =1L — L)1+ L+pl>+...) =1
1+ (1 — p1)L+ (o — 11 + G2)L* + ... =1

Then

v = ¢,
vy = 1P+ ¢,

Y= G1m1 + datha

DA



AR(2) Process:
Yi=c+ o Yim1 + Y0 +&

@ Mean
p=c/(1—¢1— )

@ Covariance

vo= E[Y:—p)(@1(Yimjm1r — 1) + S2(Yijz — p) + &1)]
= ¢17-1 + P22

Moo= oo+ dam
_ b1
= ’Yol — %

Y = dim+ d2

B ¢t
= 70(1_¢2+¢2>

u]
]
1
n
it

DA



@ Variance
% = E[(Y,— (¢1(Yt 1= 1)+ (Yo — ) + &)
= ¢im+dnto’
o7 207
1_¢2+1 ¢+¢2 ")’()"‘0'
_ 1 — ¢
Y =

(1+ ¢) [(1 = ¢2)? — ¢7]

@ Autocorrelation

pi = ¢1pj—1+ Papj—2
p1 = ¢1+ dap

= ¢1/(1 =)
p2 = ¢1p1t P2

o F = = E DA
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Moving Average (MA) Processes

Recall Wold Form:
o)
Yz:U‘szjet—jv g~ WN,
=0

MAC(q) process : truncated Wold form.
Y, = pt+e+bie1+b0e 0+ + Qqéﬁ,,q

Yi = p+0(L)e,
OL) =1+ 0L+ 6,L% +...+0,L%

e “Moving average” as Y; is constructed from a weighed sum to the g most
recent values of €



Example MA(1)

Yi=p+e+0c_1=p+(1+0L)
Moments
e Mean
Elv] = p,
e Variance
Var(Y) = = E[(Y—p)’]
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Example MA(1)

Yi=p+e+0c_1=p+(1+0L)
Moments
e Mean
Elv] = p,
e Variance
Var(Y) =7 = E[(Y,—p)’]

= E[(e; +021)7]
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Example MA(1)

Moments
e Mean
Elv] = p,
e Variance
Var(Y) = = E[(Y:—p)’]

E[(ei + 0z,-1)"]
= E[.»s,2 + 20ei8,—1 + 926,2_1]
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Example MA(1)

Moments
e Mean
Elv] = p,
e Variance
Var(Y) = = E[(Y:—p)’]

E[(Ez + 95}_1)2]
= E[.»s,2 + 20ei8,—1 + 926,2_1]
o’ +0+ 6%°

«4O0>» <Fr <> « >
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Example MA(1)

Moments
e Mean
Elv] = p,
e Variance
Var(Y) = = E[(Y:—p)’]

= El(er+0=1)]

= E [5,2 + 20ei8,—1 + 926,2_1]
= o +0+060"

= (1+6),

«4O0>» <Fr <> « >
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Example MA(1)

Moments

e Covariance

Cov(Y,,Yi—1)

" = E[(Yt - H)(Yt—l - ,u')]

e Autocorrelation Function

I T 0o, - 0
L § QN 2) pec R R
pi = 0, Vj> 1.
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Example MA(1)

Moments

e Covariance

Cov(Y, Y1) = m=E[Y,—p)(Yio1 — p)]
= E[(Et + 95:—1)(&—1 + 95t—2)]

e Autocorrelation Function

o Oo> - 0
L § R 2) v R RN
pi = 0, Vji> 1.
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Example MA(1)

Moments

e Covariance

Cov(Y, Y1) = m=E[Y,—p)(Yio1 — p)]
= E[(Et + 95:—1)(&—1 + 95t—2)]
6o?,

e Autocorrelation Function
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Example MA(1)

Moments

e Covariance

Cov(Y, Y1) = m=E[Y,—p)(Yio1 — p)]
= E[(e + ei—1)(ei=1 + 0e1-2)]
= 6o’

Cov(Y,Y—;) = =0 Vji>1

e Autocorrelation Function

_ ﬂ_ 90‘2 _ 6
N R ) s R &
pi = 0, Vi > 1.
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ARMA Models AR(1) AR(p)

‘Wold’s Decomposition Theorem
000000000

Covariance-Stationary Process
oo

0000

Invertibility of MA Processes

Outline

Consider MA(1)
Y, =p+ (1+6L)¢

e 0 and 1/0 give the same ACF

I IV R I
pl_yo_1+92_1+%_9920;1_1+02

Normalize 6 by using invertible MA representation.

e Example: Both
Y, =€+ 0.5¢,1

and
Yi =¢e 4+ 2e-1

have the same autocorrelation function:

2 0.5
= = =04
PL= T4~ 1105

Moving Average

0000000000000 000000e00



Oulllm Covariance-Stationary Process ‘Wold’s Decomposition Theorem ARMA Models AR(1) AR(p) Moving Average
0000 oo 000000000 0000000000000 0000000e0

Invertibility of MA Processes

But for MA(1) with |f| < 1, there exists co-order AR representation:

Y/—u = (1+40L)e, 0] <1,
= (1—-6"L)e, for 0" = —6
It can rewritten as
(1—6L)'(Yi—p) =&
(1 +9*L+9*2L2 )Y =) =¢
Y, = 0(Y_,—p)—6 (Y,,z—u)+93(Y,,3—u)...+s,

i.e. AR(co) with (L) =1 +60 — 0> + 6> — 0* +
|#] < 1 is not a stability requirement, MA system is always stable. It
allows invertibility and AR(c0) representation.



éik in k™-order autoregression

k™-order partial autocorrelation is regression coefficient (for the population)

Yi=c+ oY1+ oY o+ . .+ oY+

It measures how important is the last lag in the process.
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