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Outline

Outline:
@ Box-Jenkins Approach
© Model Selection Criteria
© Residual Diagnostic
o

Estimation

e OLS
e MLE

o AR(])
o MA(I)

Forecasting
Prediction Error Decomposition

State-space Form

Kalman Filter



@ Wold representation:

Yi=p+ Z Vi€i—j

e ~WN(0,0%), Y ¢ <oo
Jj=0 j=0
o MA(1):
Yi=p+e +0g-, e ~ WN
o = 1 =0,
Y = 0 Vi> 1.
e AR(1):
Yi—p = ¢(Yim1 —p) ter,
oo
= Yt = N+Z¢]51_j,

J=0

vy=¢.
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Box-Jenkins Approach

Matching model with actual data
o Transform data to ‘“appear” covariance stationary

We may have data that is not covariance stationary, e.g. GDP.

Box-Jenkins approach: maybe GDP is not covariance-stationary but some transformation of it is and

we can get forecast of it from transformed series.
o take logs (natural)
o differences
e detrend
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We can’t use ARMA model as the graph shows it’s not covariance stationary

series.
Also, not linear.




Take natural logarithm.

LN(GDP)

1n(G0P)
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If we take first difference of the log series, we get growth rate of level series.

Diff In(GDP)

—ofincon)

It looks much more like AR or MA process.
Just looking at graph may not be enough.




AR(1), ¢=+0.1
y: AR(1)
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AR(1), ¢= + 0.4







AR(), ¢=+ 1

y: AR(1)
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AR(1), ¢=.(-0.2)
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AR(2), $1=.0.3 $,=.0.3
¥: ARQ)
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MA(1), 6=.0.3
y: MA(1)
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MA(1), 6=.0.7

y: MA(1)




MA(2), 6,=.0.7 6,=.0.4




It’s not that bad, though:

AR(1), ¢=.0.5
y: AR(1)
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It’s not that bad, though

AR(1), $=.0.9
y: AR(1)
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Box-Jenkins Approach

Matching model with actual data
@ Transform data to “appear” covariance stationary

o take logs (natural)
o differences
o detrend

@ examine the sample ACF and PACF
We know that there is a 1-1 mapping between ACF and series
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Sample PACF

@ Use OLS

Vi=cC+ ouyi—1 + ...+ Guyi—k + &1, k=1,2,...

o Ify, ~iid(u,0%), pj =0, Vj#0 . no correlation across
observation
ar(p) ~ % and var(dw) ~ -
var P = an var ~ —
Pj T kk T
This values are used when reporting bqunds in ACF and PACF:
5%-95%: £1.96var(p;) or £1.96var(¢u).
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Box-Jenkins Approach

Matching model with actual data
@ Transform data to “appear” covariance stationary

o take logs (natural)
o differences
o detrend

o examine the sample ACF and PACF
o estimate ARMA models

State-Space  Kalman Filter
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o perform diagnostic analysis to confirm that model is consistent with

data
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Box-Ljung Statistics

@ Use modified Box-Ljung Statistics (Q-Stat) to test joint statistical
significance of py, ..., pk:

e Under Hy : Y, ~ iid(p1, 02), 0* (k) % x2(k).
o For significance level «, the critical region for rejection of the
hypothesis of randomness (i.e. reject p; = ... = py = 0) is

Q" (k) > xi_a (k).

@ For smaller sample, empirical distribution has fatter tail and one needs
to move the critical point to the right .



X2(1)—distribution
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Bootstrapping:

o takes available data and sample directly from them (randomly),

e uses assumption that Y; ~ iid(y, o?): independence.
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Bootstrapping: example

Say we want to find small sample distribution of a log GDP

Ay;
Ay,
Q*(l) =13.133

Ayr

@ Based on these data we can get 0*(1) = 13.133.
@ We know it has asymptotically x*(1) distribution.

State-Space  Kalman Filter
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o If we want small sample distribution, however, we can create new data

from old data set.
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Bootstrapping: example

@ Use random number generator that will pick a number from
i=1,...,T.
o Take this number and take respective Ay;; repeat it T times.
Aysy i=34
Ayioo i=100
. . , bootstrap sample
Ay27a i= 277

@ The reshuffling breaks any correlation between observations
— > it is just a random draw.

e Even if Ay, Ay, have some correlation, once bootstrapped (simulated)
they don’t have it anymore.
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Bootstrapping: example

It’s a draw from original distribution: has the same histogram as
original one.

Now, for this new series, calculate Q7 (1) = 3.21.
Do it again, get 2nd series (the same histogram). Get Q5 = 10.21
Repear it 10000 times to obtain 10000 Q*(1)s.

All under the assumption of independence.
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Bootstrapping: example

@ Do a histogram of all 0*(1).

e It will have x*(1) type of distribution, since each individual draw
should be from this distribution.

o5 (1) OF004(1) =30.11 | Ilargest value
: sort them : :
o (1) = : = '
Qio000(1) 03755(1) = 0.11 smallest value

@ Look at the value of Q*(1) at place 500 and get a critical value for the
sample.

o Compare with the original one Q*(1) = 13.133.
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Bootstrapping

Bootstrap vs Monte Carlo:
@ Bootstrap: use the original data to construct empirical distribution.
@ Monte Carlo: instead of using data, make assumption for it, e.g.
InY, ~ iid(y, 0?) and make simulations using this assumption (don’t
have to use actual data.
@ Monte Carlo gives more power if H is true, but without any
assumption on distribution of the series, bootstrap can be applied.

Why small sample may have fatter tails than the asymptotic one?

@ Recall
ko 4 |
Q" (k) =T(T+2) Z ?ﬁ,z pi = ,AYTI); Y = T Z V=) (Vi—i—9),
! t=i+1

i=1

where y is estimated.
@ The other estimate y will affect Q* so for the finite sample we might be
off from the asymptotic distribution.
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What now

@ Assume we can reject iid, i.e. PACF and ACF show some significant
lags. How to determine which model is correct?

Process ACF PACF

AR(p) Exponential or oscillatory decay S =0, k>p
MA(q) prk=0,k>q Exponential or oscillatory decay
ARMA(p,q) decay begins at lag ¢ decay begins at lag p

@ But we have many models we can’t really discriminate between just by
looking.
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Akaike Information Criterion (AIC)

Akaike Information Criterion (AIC):

AIC(p,q) = 1n(6°) + %Z(P +9),

where the first term is responsible for the fit of the model and the second one
is a penalty for number of parameters.
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Schwarz (Bayesian) Information Criterion

Schwarz (Bayesian) Information Criterion (BIC):

BIC(p,q) = In(6%) + % In(7)2(p + q),

where now penalty is related to sample size.
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Selection: AIC vs BIC

@ Calculate selection criterium for a set of estimated models and try to
find the one that minimize the AIC or BIC.

@ Result:
If p, g considered are larger than “true” orders
(i) BIC picks “true” ARMA(p,q) model as T — oo.
(i1) AIC picks overparameterized model as T — oo.
@ For smaller sample it might be a a problem with choice BIC:

o Trade-off between efficiency and consistency:

@ Better to overparameterize than to have incorrect result.
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Residual Diagnostic

@ Use sample ACF and PACF of sample residuals:

0" (k) ~ X (k — (p + q)),

where (p+q) is a degree of freedom adjustment

@ Use LM test (it has higher power)
T- R2 ~ X2 (k>7
with R? computed from the regression

2 ~ ~
& =Cc+ag_1+ ...+ g+ vy



o OLS
] MLE
° AR(I)

° MA(D)
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For AR(p), OLS is equivalent to Conditional MLE
@ Model:

Yo =

CH Q1Yo+ Opyip T e g ~ WN(0,0?).
x:ﬂ—i_stv B:(C7¢17¢27 "7¢p)a :(layt—layt 255 Vi—
e OLS:
R T -7
; (z) o
=1 =1
1 T
~2
= — p—
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Properties

Note:

o E[3] # f3 because x; is random and E(e|Y) # 0 . But, if || > 1 for
#(z) = 0 (or) |A| < 1 for F then,

FLyp, Lo

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

Median - 0.686732
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Properties

Note:

e E[f] # f3 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) = 0 (or) |A| < 1 for F then,

B8, 6L o2

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

Median - 0.692907
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Properties

Note:

e E[f] # f3 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) = 0 (or) |A| < 1 for F then,

B8, 6L o2

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

n = 500

06 07 08 09

Median - 0.698815
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Properties

Note:

e E[f] # f3 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) = 0 (or) |A| < 1 for F then,

B8, 6L o2

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

06 07 08 09
Median - 0.699796
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Properties

Note:

e E[f] # f3 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) = 0 (or) |A| < 1 for F then,

gL, 6L ot

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

n = 5000

500

06 07 08 09
Median - 0.69975
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Properties

Note:

e E[f] # f3 because x, is random and E(¢|Y) # 0 . But, if |z| > 1 for
#(z) = 0 (or) |A| < 1 for F then,

gL, 6L ot

e Estimator might be biased but consistent, it converges in probability.
¢=0.7

s00f

06 07 08 09
Median = 0.699956
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Hypothesis testing

Hypothesis testing:

T
A 1
VT(3 - B) i)N(O,UZV_I), V:plimTﬁoo? Zx,x;.

t=1

o If we have enough data (T — oo) then t-student will converge to
Normal distribution.

B— Aﬁo
SE(B)

t,B:Bo — Nt—student(T— 1) — N(O,l).
T—o00

@ See Hamilton for a downward bias in a finite sample, i.e. E[3] < (.
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MLE

000000 0CDDDOOOO00

If Y; ~ iid, join likelihood is the product of marginal likelihoods (pdf)

L(é‘ylv"'vyT) = L é|yt)7
)

[T
HL()’t|é )

Different parameters have different probability of generating {y1,...,yr}.
But if ¥, is not independent, factorization is invalid. Instead, factor into
conditional distributions.

f(Y17Y2|9:) = f(na|Y,0)f(11]0), i
f(Y17Y25Y3|0) = f(Y|Y27Y17 )(Y27Y1|0)a

T
LOy1,..oyr) =f (Y1, ¥r10) = J[flYior,..., Y2, ¥1,0)f(¥1]6)

=2
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MLE

@ Conditional MLE assumes Y fixed (not random). It’s just a simplifying
assumption.

T
LOyr,....yr) = [[fWlYier,. .. 11, 0).
=2

° g}iven normality, first order conditions of maximization L¢ are linear in
0.

e For AR models ¢MLE & OLS.

@ Conditional MLE is consistent. (It’s not so efficient as we ignore
randomness of Y.)

@ Exact MLE requires non-linear optimization.

@ Often we don’t know distribution of the the data. One thing that is
assumed in OLS is the € ~ WN.

@ Assuming normality in CMLE is not a bad assumption as we still get
consistent estimator: quasi MLE. (see Davidson and MacKinnon.)

@ We don’t get unbiasness in any of MLE. What can be done is to
compute what the bias is and correct for it.



Recall: AR(1)

Yi=c+ Y1 +e

£ ~iidN(0,0%), |¢| < 1.
o If we don’t believe in normality of €, , we have quasi-MLE
o If we do: MLE.

Ife ~ Nsois Y;|Y,—; ~ N:

Y,|Y,_1 ~ N(c+ ¢Y,_1,0%)
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Conditional MLE

o If we know Y,_ the only term that is random is &;.

1 1 2
— *T(ercffmvfl)
FOly1n) = e ,
where 0 = (c, ¢, 0?).
@ What about Y;?

Yy ~ N(E[Y],var(Y}))

0'2 C

N('u’l—igbz)’ M=1_¢~

@ If » = 1 no unconditional mean or variance exist.

State-Space  Kalman Filter
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Maximum likelihood

T
L@y, - yr) =F0110) x [ £ Gulyi-1,6)
=2
ie.

T
- 1 _ _ ey 1
U S N |
\/ 27 (7%5)

5 V2mo?

o s i—e—eyio1)?

@ Need to solve non-linear optimization problem.
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Recall

Yi=p+e + 0y,

& ~ iidN(0,0%), 0] < 1.
|6] < 1 is assumed for invertible representation only, nothing about
stationarity.

Figure: Bi-model likelihood function for MA process
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Estimation MA(1)

Yt|5171 ~ N(M +0ei—1, 02)7

7] 1 — L Gi—p—0e1)?
— - -2 Wt 122 51—|)
f(yt|6f—1’0) - We 2 )
0= (u0,02).
@ Problem: without knowing €,_, we don’t observe €,_1. Need to know
g toknowe,_| =y, — pu — Oe;_5.

@ But £, , unobservable.
@ Trick: assume ¢y = 0.

@ Make it non-random, just fix it with number 0. The trick works with
any number.



Kalman Filter
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Estimation MA(1)

Yileo ~ N(p,0%),

Y M+€1:>€1:Y17p,,
Y, = ,U,—|-82—|-951:>62=Y2—/1—9(Y|—,u),
e = Yi—p—0Y —p) .+ ()TN ).

@ Conditional likelihood (g9 = 0).:

T
0 1 12
L(9|y1,...7yT,50:0):H e 2026 .

o If |#] < 1 (much less), €y doesn’t matter, CMLE is consistent.
@ Exact MLE requires Kalman Filter.
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Simple Model

With estimated parameters of the model we can make a forecast about
the future behavior of the variable of interest.

Simple Model:

Yi=c+ oY1 te, e~ WN,

Today’s GDP growth depends on yesterday’s GDP growth,

Relationship given, for example, by a theory.

Once agents know the structure of the model they can form a forecast.



Denote:

), — information available at time ¢,
Y t*+1 [t

— forecast of Y,y based on 2,.

o In our simple model it is Y,y given Y;

«O» «Fr « =

{Y:} — covariance-stationary process, e.g. ARMA(p, q),
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Loss Function

@ We want to assess how good the forecast is.

@ Assume people don’t like mistakes in any direction.

Rule: evaluate forecast with a quadratic loss function:
min E[(Y;41 — Yt*+1\t)2] =MSE(Yi11, Y ),

Result: The minimum MSE forecast of ¥, based on € is E[Y;41]€].

@ Y, is modeled as a random variable (have the whole distribution) but
it’s behavior is summarized by its mean.
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Linear Projection

@ Y, may be very complicated and calculating E[Y,|S2,] might be very
cumbersome.
o If E[Y,1|€] difficult to compute, use “best linear forecast™.
X1, — variables in €2, “useful” for prediction

@ Linear projection:
Y1 = X, =a Xy + ...+ opXpr,

where E[(Y,41 — &'X,) - X;] =0,i=1,...,p.
e p moments conditions ensure that error is orthogonal to any information
in Q:
e forecast errors are uncorrelated with past information.
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MSE Linear Forecast

Result: The minimum MSE linear forecast of Y, is linear projection.
@ For Gaussian (Normal) process: E[Y;11|€2;] = I?,+1|,.
@ Linear projection is optimal in Gaussian case.

@ How do we deal with as ?

° IA/,H‘, = o’X, can be thought of as computed by OLS but b - o, i.c.
OLS estimate, b, converges in probability to true value, a.

o Optimality is defined in terms of quadratic loss function.



Solve Wold form
Yt — /J, = '(p(L)Et, &~ WN
o0 o0
L) =YL, =1, > Y <oo
Jj=0 j=0
Yt+s
Yt+1|t =

W+ Erps + w15t+s—l +. e+ 'l/}s—l—lgt—l +...
M + Z/}sEt + ws+1€t—1 +....

o the last line uses information available at time t and E;[,;] = 0, i > 0.

«O» «Fr « =
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ARMA Models

MSE(?z-i-shv Yt+s) = E (51 +Yeqsa+ .+ w3715t+1)2]
= (1 +yYT+93 + ... +¥2 ) <var(Yig).

@ We are better off with linear projection than with unconditional
variance.

But,
lim o° Z Y = var(Y;).
k=0

§—00

o Upper limit for uncertainty is as high as the unconditional variance.
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Forecasting ARMA Models: AR(1)

E.g. AR(1):
Yi—p=0Y—1 —p) +e

One period ahead forecast:
?t+l\t =p+ (Y — )
Using Wold formulation:
1)[)] = an
=Yy = ptdea+o e+
p+ @' (e + e +..0)
= p+ (rbs(Yl‘ - ,LL),

1
. 2 L
th MSE o I 3

= var(Y;).
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Forecasting ARMA Models: MA(1)

E.g. MA(1):
¢0=17 wlZGa 7%‘:07 VJ>1,

?l+1|t = M+0ét7 &= (Yt_ﬂ) _eétfla
?H-s|t = M Vs> 1

lim MSE = o*(1 + 6%) = var(Y,).

5§—>00

Forecast error is just a deviation of the series from the long-run
unconditional mean.

State-Space  Kalman Filter
000000 0CBD@OOOO0O
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Forecasting ARMA Models: AR(2)

E.g. ARQ2):

[ Yi— ] [¢1 ¢2} |:Yt1_/1’:| |:€t:|
Yioi—p = 1 0 Yio—p + 0
B F Bi-1 Vi

B = FBi_i+v
Then,
BHSM = Fv +FS+1Vt—1 +...
FS(V[ + thfl + .. .) = FS/B[.

Let

2 ]

F =

s s)

AL
Then,

f/t-i-slt =M Jr101(1&)(14 — ) +f1(;)(Yz—1 — 1)
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Kalman Filter

@ Forecasts based on Wold form assume infinite number of observations.

@ We don’t have them in reality.

o Kalman filter calculates linear projections for finite number of
observations,

o exact finite sample forecast,
o allow for exact MLE of ARMA models based on Prediction Error
Decomposition.
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Normal Distribution

Joint Normality:

V1
= S)TTXI ~ N(/‘LTXHQTxT)a
yr

Since it is covariance stationary process, each Y, has the same mean and
2

variance, wj; = 0~ = Wy = WrT.
Wil W12 w1t Yo Yooeee YT—1
w1 wom : Mo Y “i = 10
Q- _ ] ) , a8 Wi = Yi—j,
: i>].
wrl wrT YT—1 Y0

The likelihood function:

L(Blyr) = (2m) ™% det() e 20r—m' Q7 0r=m),
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Factorization

o For large T ) might be large and difficult to invert.

@ Since 2 is positive definite symmetric matrix then there exists a unique,
triangular factorization of €2,

0= AfA,

where

A0 0
frur = 0 £ ., f, >0Vt diagonal matrix
| O Jr
[ 1 0
an 1

ATxT -

| ar1 ar 1
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Likelihood

The likelihood function can be rewritten as:

1

L0lyr) = (Qﬂ)—% det(AfA')—ze—%(ir—u)’(AfA’)*‘(?r—u)
Define
n = A~ (37 — p)(prediction error).
where
An = (r—n).

Since A is lower-triangular matrix with 1s along the principal diagonal,

m = Yi—H

= y2—p—anm

m o= y3—pu—- a§1U1 - a§z772
T—1

o = Yr—p- Za;"inT—l

i=1
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Likelihood

State-Space  Kalman Filter
000000 0CBD@OOOO0O

Also, since A is lower triangular with 1s along the principal diagonal,

det(A) =1
det(AfA) = det(A) - det(f) - det(A’) = det(f).
Then,
L(Opr) = (27r)7% detU*I)*%g*%ﬂ'U_])_‘n
Y
(),
o \V27f;
where 7, is " element of 1 ., = prediction error y, — 5’:\r—17

t—1

V1= @ty i=23,....T,
i=1

where a;; is (1,i)™ element of A~
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Kalman Filter

Note: Given y, ~ N(u, ),
ntlgtfl ~ N(Oaﬁ)a

where f; is an (¢, ¢) diagonal element of f matrix,

1 < 1 72
lnL:—EZIn(ZWﬁ)—EZf—r,

=1 =1

since 7, ~ N and independent of each other.

@ The Kalman filter recursively calculates linear projection of y, on past
information €2, for any model that can be cast in state-space form.

@ Kalman filter: for any structure it solves for linear prediction.
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Measurement (Observation) Equation

General form that encompasses a wide variety od models.
@ Measurement (Observation) Equation

o Represent the static relationship between observed variables (data) and
unobserved state variables.

yi=HB +Az + e,

where y, denotes observed data, j3; is a state vector that captures the
dynamics, z; is exogenous, observed variables for example, lagged
values of y, but also other data, and e, is an error term,

e; ~ N(O,R).

The existence of the state vector makes this representation not a simple
linear model.



Box-Jenkins  Model Selection ~ Residual Diagnostic ~ Estimation ~ Forecasting ~ ARMA Models  Prediction Error Decomposition ~ State-Space ~ Kalman Filter
0000000000000 000000000000000000000000ODODO 00000 000000 o] lele]elelele ) »)» olelelele]e)

Transition (State) Equation

@ Transition (State) Equation

o Captures the dynamics in the system, causes the system to go on and on.
B =+ FBi—1 + v,

where [i is a vector of constants, F' is the transition matrix, and v, is an
error vector,
Vt ~ N(O, Q).

o Like AR(1) but in vector/matrix form.
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Transition (State) Equation

ﬁt:ﬂ—"Fﬁtfl"_Vh

@ The state vector has and AR(1) kind of representation.
@ Describes evolution of state vector.
@ These state vectors can be unobservable.

@ Transition equation can be used to get information about the
unobservable, conditioning on data which is observable (Bayesian).
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Error terms

Error terms:
elNN(07R)7 VtNN(O7Q)7
where R, Q are var-cov matrices and

Ele ] =0, Vi, T

@ Restrictive assumption
@ The model can be represented in a way that is not very restrictive.

o Even with E[e,V)] # 0 we can estimate the model with (modified)
Kalman Filter but it becomes more complicated.

@ The normality assumption might not be good as always but
... It allows to use MLE.
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o It applies to a very wide variety of time-series models.

Consider an AR(p) process

i—p = o1 =)+t Gy — )+ &
E(e;e)) = o fort =1
State equation
Vi — B o1 P . Py By Vie1 — €
Vi—l — i L0 ... 0 0 Vi—2 — [ 0
= +
Vi—pt1 — M 0 0 . 1 0 Vi—p — M 0

Observation equation
Vi — M
Yi—1 — MK
yv=p+[1 0 ... 0]

Yi—p+1 — I
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Examples: ARMA(1,1)

ARMA(1,1):
Set u =0,
yi=¢yi1+e+0e-1, & ~N00?).

@ There might be more than one way to represent a model in a state-space
form.

e There might be differences in efficiency between different ways.
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Examples: ARMA(1,1)

State equation:

@ The general form

Br = FBi—1 + v
e Put )
_ | X | Y=
b= 2o = 2]

e Puty, = ¢y,_1 + 0¢,_1 + &, in a matrix notation:

2] - 5] (] 1),

ﬁt F Btfl Vi

2 2
andv, ~ N(0,Q), 0 = [ Zz 02

g
y; — observable, ,—unobservable, forecast error
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Examples: ARMA(1,1)

Observation equations:

v o= [ro] |2
YVt H By

no exogenous variables: A = 0, also R = 0.
v, = Hp, for this case (ARMA(1,1)).

The parameters ¢, , o are captured in F, Q matrices. The Kalman Filter
will estimate them.

@ For KF what goes in 3; doesn’t matter.
@ Only parameters F, Q, H, R will matter.

@ The state vector is now defined by F, Q, H, and the observations.
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ARMA(1,1): Alternative Representation

A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

(1—-9¢L)y, = (1+0L)
yi = (1—¢L)"'(1+6L),
yi = (1+6L)(1—o¢L) e,

Define x, = (1 — ¢L) "¢,

(1=9¢L)x, = &, (x; is AR(1), not observed)
X —¢x1 = &
Then,
y: = (14+0L)x
Vi o= X+ 0x_;.

So y; is a linear combination of 2 unobservable AR(1) processes, x; and x;_.
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ARMA(1,1): State-Space

Observation equation (all randomness in the state equation)

i = Hﬂta
where

wo= Lol ]

@ Inside H there are parameters to be estimated.

@ A = 0, no exogenous, R = 0 as the observable equation is just the
identity (no randomness of e;).
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ARMA(1,1): State-Space

State equation

SO

o 0
VINN(O7Q)a Q:|: 0 O:l

@ SopisinF, 6 inH, and o% in Q.
Given F, Q,H, A, R and data (y,’s), use Kalman Filter to find prediction error

decomposition of joint likelihood for yr = (v, . ..yr), given by
L(6, ¢, 0% |y7). (exact likelihood)
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Kalman Filter

Kalman filter:
@ purpose: to make inference about unobservable given the observable,
@ application: signal extraction in engineering,

@ economics: don’t know the parameters F, Q, H and want to estimate
them.

State-space form
ME: Measurement (Observation) equation:

y: = HpB: + ey, € NN(OvR)
SE: Transition (State) equation:
ﬂt:/l"_Fﬁtfl"_vh vtNN(07Q)7

Eleyv.] = 0.
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Mean of

@ [3;is arandom variable
e it might be unobservable and no data for it,
e it is normal random variable as it is sum of normal variables, v; ~ N.

Conditional mean

Bil—1 ~ N (E[Bi|Q—1],var(B:|$2-1))
E[B|Qu1] = By—1s conditional expectations.

We may not know what [3’s are.

If we have information about its distribution, we can calculate mean,
variance, etc.

Bi—1 may be not observable: take expectations of it

E[ﬁt‘Qtfl]EBt\t—l = [+ FE[B1|Q1]+0
5t\z—l = ﬂ+F6t—l|f—la

e In AR(1): Ely:] = p + @E[yi—1], last term is observable.
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Variance of (3

Conditional variance

Var(5t|9171) = Pt\t—l = E[(ﬁt - ﬁz|t—1)(5t - Bt|t—1)l]'

Recall
var(ax) = a*var(x), a — scalar, x — random vector.

Two sources of randomness (variation) for 3;:
@ v, is arandom variable,

@ [ is also random so there might be difference between 3;_; and
Bji—1, there may not be equal to each other.

Pt|t—l = FPz—1|t—1 F' + 0,

where Py;_, uncertainty about 3, equals sum of uncertainty about /3,1,
P;_1|;—1, and uncertainty about v,.
Note: cov(B;—1,v;) = 0.
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Kalman Filter

© »y, is arandom variable.

o Now, we have data on y;.
e We have some joint density of y;, 5; and some prior.
e Using data we get posterior of ;.

We want to make inference for 3, which we don’t observe.

We see y, which is related to f3;.

We make inferences on (3; by observing joint density (distribution) of ys
and (s (Bayesian view).
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Distribution of y,

Distribution of y, given state-space

yi| Q-1 ~N(E[szQz—n],var(szQr—l),

@ Conditional mean
Ely Q1] = yii—1 = HByj—1 + 0
@ Conditional variance
var(yi|Qi—1) = fyj—1 = HPy,—1H' + Q,

since we don’t know [3;.
@ Note: cov(Hp;, e;) = 0 because E[v;e;] = 0.

IfE[vie;] # 0 we will add another term in the var(y,|$2,—) capturing that.



Box-Jenkins ~ Model Selection  Residual Diagnostic ~ Estimation ~ Forecasting ~ ARMA Models  Prediction Error Decomposition  State-Space ~ Kalman Filter
0000000000000 000000000000000000000000ODODO 00000 000000 [e]e]ele]elelele v wele] Telele)

Joint Distribution

@ Covariance between (3, and y;:
COV(yt,Bt|Qz—l) = Pz|t—lHla

as cov(Hp; + e;, 5r) = cov(HpB;:, B;) + cov(er, B;) = cov(By, B;)H' + 0.

Then, the joint distribution for y, and /3, is joint normal:

Bt <|: /8t|t71 :| [ Pt\tfl Pt\tlel ])
Q1 ~N , .
! Hﬁt|t71 Pt\tle/ f;\tfl

Vi
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Kalman Filter

Two steps of Kalman Filter :
(a) Prediction,
(b) Given y, updating inference on f3;.

Definition

Given Sy)o, Po|o, Kalman Filter solves the following six equations fori = 1,...,T

Prediction of y;, 3

(1) Br\t—l = [L‘J"F,Bx—llr—l,
(2) Pt\t—l = FPt—1|t—1FI+Q:
Forecast error:
3) Mij—1 = Y= Yiji—1 =Yt — HByi—1,
Variance of forecast error:
) ft\t—l = HP,‘,_IH/—l-R
Updating of y;, 5
(%) Bt|t = Br\t—l + KiMji—1,
(6) Py = Py — &HPy
K = P,|,_1H’fr‘7tl1 “Kalman gain”.
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Kalman Filter

@ 510, Pojo- are equal to unconditional mean and variance, and reflect
prior beliefs.

@ Equation (5) is a linear combination of previous guess and forecast

error.
(5) ﬁt|t = ﬁt|t71 + KeMt)—15
(6) Pt|t = Pl|t—1 - KtHPt|t—17
K = P,|,,1H’ft‘*rl1 “Kalman gain”.
o The Kalman gain depends on the relationship between y; and [3; since

Py—1H' = cov(B;,y:) and f,‘jl] is the precision of the forecast error.

The bigger the variance of forecast error the smaller the Kalman gain and
less weight put to updating.

Equation (6) measures conditional variance.

Since we observe y; the uncertainty declines.
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Kalman Gain

@ The stronger the covariance between y, and f3;, the more we will update
when we see high forecast error.

o If the relationship is weaker, we don’t put much weight as probably it is
not driven by [;.

@ The weight depends on the variance of forecast error: if f~! big, put
high weight on that observations.

@ Once we have 7,1, f;;—1, we can do MLE after constructing the joint
likelihood of prediction error decomposition.
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