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Linear Expectational Equations

We consider a set of linear expectational equations of the form:
AEx;y) + Bx; + Cviy = 0. (A)
We seek a solution of the form:
X1 = Fx; + Gvpyg. (B)

This solution represents the time-series behavior of {x;} as a function of
{v/}, where v, is a vector of exogenous innovations, or structural shocks.

Solving DSGE Models



Introduction Example: RBC Model Blanchard and Kahn’s Method Sims’s Method  Structural Equations System Reduction

Example: The RBC Model Timing

In this note, we use a standard timing for capital:
Vi = ukl e

for the production function,

ki1 = (1 =0k + i,
for the capital accumulation equation,

Div, =y, — wid, — rik,
for the profit/dividend function, and

c; + iy = wily + rik; + Div;

for the budget constraint.
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Linearized RBC Model (Equations 1-4)

The linearized equilibrium conditions are:
© Euler Equation:
U(Et&z-&-l _&I) = (1 _5(1 _5))Et;’r+l (1)

@ Labor Supply: R
pl, + o = Wy 2)
© Capital Accumulation:

ANY

~ [ AN
k[Jr] = (1 — 6)kt + ﬁlt (3)
© Resource Constraint:
BARY . l'SS A R
(1— F)Cz+ﬁlz:yt 4)
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@ Production Function:

j}t :zt“‘a,}t‘i‘(l _a)zt

@ Labor Demand:

@ Capital Demand:

@ Technology Shock:
Z = ,021—1 + €
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First, equations (2) and (6) give
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Combining equation (5) and the expression for /; yields
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System Reduction: Capital Evolution

Taking the formula for i, from equation (4) and substituting it into equation
(3) yields:
" ySS CSS
ki1 =01 -0k + =y — —¢
1= ( ke + k”yt s

and using the expression for y;:

I/él-i-l - (1 - 5)]{[ == 7@6} + Kj}t

S

- o, Yy (14, I1+¢p - (1—-a)o,
kt+1_(1_5)kt—_kmct+km(a+@zt+a+<pakt— oty Ct
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System Reduction: Euler Equation Transformation

Equation (1) can be rewritten as:

U(Etét-l—l — 6;) = ,37’“Eﬁ’,+1
G(Etét+1 - 6’t) = PriEyiq1 — 5’”Eti€t+1

Substituting the expression for y, yields:

. . S 7 s 1+ .
O'(EtCH_l — Ct) = 7ﬁ7‘5 Etkt+1 + 5}" o —|—:ZEtZt+l + ...
l+p - (1-a)o,. .
coe 4 BT aEkiyy — Bre E;c
B at o ki1 — B at o tCr+1

or:

PN s l -« PN s 1+ 7 S8 1+ 2
—0C+0 <1 + BVY ()> E,C,+1 = 5}’3 <SDQ - 1) E[k[+1+ﬁr SDEtZt
a—+ @ a—+ a—+ @

€))
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Reduced Canonical Form

We transform the original set of equations into a system of 3 equations with
3 endogenous variables (c, k, z) and 1 exogenous variable (¢):

w11é 4 KBk + kiEZi + k4B = 0 (10)
ko1& + Kooks + K32 + Kaakipr = 0 (11
2t+l - Pzz = €r+1 (12)

where r;; contain the deep parameters. Setting x; = {kt,c,} and v, = 2,
yields the form consistent with equation (A).
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The method solves models written as:

X141 1
=A
|: Eixo41 ] |:
where:

X1t
e

(13)
@ xj,: endogenous predetermined variables (E;Xi;+1 = X1741)-

@ xp,;: endogenous non-predetermined variables.
@ f;: exogenous forcing variables.
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Jordan Decomposition and Stability

Start with a Jordan decomposition of A:

A—AUA, J[Q })2] (14)

where J; is stable (|A| < 1) and J; is explosive (JA| > 1). Partition A and E:

A Ap E
A= E = 15
[ Ay Ap } ’ [ E, } (15)

Blanchard-Khan Condition: A unique solution exists if the number of
explosive eigenvalues equals the number of non-predetermined variables.
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Decoupling the System

Method Setup Jordan Decomposition BK Solution

Substituting the decomposition into equation (17) and pre-multiplying by A

yields:
X141 _ |1 0
EXoip1 0

where X, = Ax, and D = AE:

X1t D,
|[]+ (2] oo
A X1t
Ax } [ X2t } {17)
A E,
wle]
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Forward Iteration

For non-predetermined variables, iterate the lower portion of (26) forward:
X = J; ' Edog — J5 ' Dafy (19)

Substituting recursively and using lim, o J, " = 0:

By == Iy CIUDEfy 20)
i=0

Mapping back to original variables xy,:

Xy = =Ny Agrxy — A ZJ;(H—I)DZEJCZtJri ey
i=0
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In the case of our model (E,(f1:) = p'z,):

Xy = =AMy Aoy, — AgpJ5 (1 = pl5 ) 7' Dot
Finally, the predetermined variables evolve according to:

(22)
Xir1 = Apxy + Apxy + Eifs
where A = A~ 1JA.

(23)
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Method for models expressed as:

A.x, = th_l + Cv, + D’I], + E
where:

24

@ 7),: expectational errors, x;, = E,_1x; + 7.

@ Exogenous shocks are part of x;.

@ Handles cases where A is non-invertible.
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Step 1: QZ Factorization

Decompose A and B using generalized Schur decomposition:

A=QA\Z (25)
B=0'07 (26)

where (Q,Z) are unitary and (A, ) are upper triangular. Generalized
eigenvalues are ¥; = \;;/w;;. Pre-multiplying the system by Q yields:

Az =Qz—1 + QCv, + QD1 + QF 27

where z; = Z'x,.
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Step 2: Partitioning the System

Partition equation (39) into explosive and non-explosive blocks:

A A 21t Qi Qn Z1t—1 O
= 28
[ 0 Ax 2 0 O o [Tl o ™ 8)
where w, = [Cv, + D, + E]. Generalized eigenvalues of the lower block are
all outside the unit circle.
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The lower block can be written as:

Anozor = Q21 + W
where wy, = Q,w;,. Iterate forward:

(29)
—1
2 = Mazorp1 — Qi Wiy,

M= Q5'Ay

(30)
o0
= — ZM’QZZIWZIHH

i=0
Since E;(n45) = E;(vi45) = 0 fors > 0:

€1V

(o)
==Y M) OF,
i=0

(32)
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Using > M!

(I — M)~!, the solution for z, is:
2= (A — Q) ' QB>

(33)
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Uniqueness requires a matrix ® satisfying:

0D = ®0,D
Pre-multiplying (39) by [I — @] ensures the factor for 7, is zero:

[ A Ap— DAy | [ “ ] =

(34)
22t

Z1t—1

[ Q1 Qi — 20 | [

22t—1

] (01— D0 )W (35)
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The system becomes: x;, = ©, + Ogx,_; + O1v,, where:

He7 [ AR AR (A — @A)
B 0

7 ] (36)
_ 01— %0,
O.=H [ Q20— An)~'0s ] E

(37N
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Q= ZA [Qn (2 — D0)|Z
@1=H[ Ql—O‘I’Qz ]D

(39)
This completes the procedure for expressing the DSGE model as a standard
Vector Autoregression.
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