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@ Prediction Error Decomposition

@ State-Space Form
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PREDICTION ERROR
DECOMPOSITION
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Likelihood

o Consider a covariance-stationary {Y;}

Y1
=Jyr NN(/'I’TXHQTXT)?
yr

@ Since it is covariance stationary process, each Y, has the same mean and
variance, wy; = 02 = wy = wyy.

w1 Wiz wir Yo 1 N |
. wj =
. . ] )
0= w21 w22 . _ 71 Yo . _
= = » A8 Wij = Yi—j,
’ ’ i>].
wr1 e wrr YTr—1 . Yo

@ The likelihood function:

L(0yr) = (27) 7 det(Q) e~ 20r—m' Q™ Grou),
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Factorization

@ For large T, {2 might be large and difficult to invert.

@ Since 2 is positive definite symmetric matrix, there exists a unique,
triangular factorization of €,

Q= A,

where

(A 0 -~ 0
frer = 0 , f; > 0Vt diagonal matrix

L O Sr

[ 1 0 0

any 1 : . . .

A, = , lower unit triangular matrix

| ar1 ar 1
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@ Define n = A_l(}N’T y
E(n)

Var(,r])
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@ Define ) = A~' (jr — p),
E(n)

var(n)

EA™'(Gr—p) =A""EGr — p) =0,
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@ Define ) = A~' (jr — p),
E(n)

EA™'(Gr—p) =A""EGr — p) =0,
var(n) =

var(A™' (r — ) = AT'QIAT] T = A7 AT A
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@ Define ) = A~' (jr — p),
E(n)

EA™'(Gr—p) =A""EGr — p) =0,
var(n) =

var(A™! Gr — ) = A7 = A 4 A

o Since f is diagonal, 7 is a series of random variables that are
uncorrelated with each other, i.e E(nn,) =0,

V£ T
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Prediction errors

@ Define n = A~ 5y — ),

E(n) = E@A'Gr—p)=A"EGr—p) =0,
var(n) = var(A™'Gr —p)) =A7'QQA T = AT A AT = £

@ Since f is diagonal, 7 is a series of random variables that are
uncorrelated with each other, i.e E(n,n,) =0, ,Vi# 7.

o Since An = (yr — p) and A is a lower-triangular matrix with ls along
the principal diagonal,

m = yi—p
mo= Y2 — W anm
m o= y3s—u— a§1771 - 6132772

T—-1
nr = Yr—H— Za;_l,mi
i=1

where a?:j =Ait1y
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Prediction errors

@ Since E(nn,) =0,

E(mm) =E((y2 —p—aj(v1 — )1 — ) =0

so the af, is the coefficient of the linear projection of (y, — x) on
(y1 — p) and 12 = y2 — yy) is a prediction error .

o Similarly, E(n31m,) = E(n3m) = 0 imply that a3, and a3, are linear
projection coefficients of (y; — 1) on (y, — w) and (y, — p), with
m=Ys—=Y3p

@ Therefore, 7, is " element of 7 rx1 = prediction error y, — ;1.
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@ The likelihood function can be rewritten as:

L(é|5)T) = (27[')_% det(AfA/)_%e_%

Gr—p) (A~ (57 =)
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@ The likelihood function can be rewritten as:

L(é|57T) = (27’(’)_% det(AfA/)_%g_%

Gr—w) (A~ (Fr—p)
and

@ A is lower triangular with Ls along the principal diagonal so det(A) = 1

det(AfA) = det(A) - det(f) - det(A") = det(f).
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Likelihood

@ The likelihood function can be rewritten as:
L(0]5r) = (2m) 7% det(AfA’) "2 e Ormim () 7 Gr =)

@ A is lower triangular with Ls along the principal diagonal so det(A) = 1
and
det(AfA) = det(A) - det(f) - det(A") = det(f).
o Then,
L(lyr) = (2m)”

where 7, is " element of 1) rx1 = prediction error y; — Y1,
-1
Vg1 = D ary,  i=2.3,....T.
i=1
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Kalman Filter

Note: Given y, ~ N(u, ),

’r]l‘Ql—] ~ N(Oaf;)a

where f; is an (¢, ) diagonal element of f matrix,

|7
InL = —fZIn (2nf;) — EZJTI’

since 7, ~ N and independent of each other.

@ The Kalman filter recursively calculates linear projection of y, on past
information §2,_ for any model that can be cast in state-space form.

@ Kalman filter: for any structure it solves for linear prediction.
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STATE-SPACE
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Measurement (Observation) Equation

General form that encompasses a wide variety od models.

@ Measurement (Observation) Equation
o Represent the static relationship between observed variables (data) and
unobserved state variables.

i =HB +Az + e,

where y; denotes observed data, [, is a state vector that captures the
dynamics, z; is exogenous, observed variables for example, lagged
values of y, but also other data, and e, is an error term,

ey ~ N(07R)

The existence of the state vector makes this representation not a simple
linear model.
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© Transition (State) Equation

e Captures the dynamics in the system, causes the system to go on and on
Br = p+ FBi—1 + v,
error vector,

where fi is a vector of constants, F is the transition matrix, and v, is an

Vi~ N(O, Q)

e Like AR(1) but in vector/matrix form.

«0O0r «F»r «=»r < o>
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Prediction Error Decomposition ~State-Space Kalman Measurement Equation Transition Equation Error terms Examples

Transition (State) Equation

B =i+ FBi_i + v,

@ The state vector has and AR(1) kind of representation.
@ Describes evolution of state vector.
@ These state vectors can be unobservable.

@ Transition equation can be used to get information about the
unobservable, conditioning on data which is observable (Bayesian).
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Error terms

Error terms:
e;NN(07R)7 VtNN(O,Q)7
where R, Q are var-cov matrices and

Elen.] =0, Vi, 7

@ Restrictive assumption
@ The model can be represented in a way that is not very restrictive.

e Even with E[e,v] # 0 we can estimate the model with (modified)
Kalman Filter but it becomes more complicated.

@ The normality assumption might not be always good...
...but it allows to use MLE.
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Consider an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

Observation equation
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Consider an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

BERIE

Observation equation
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Consider an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

BERIE

Observation equation
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Consider again an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

Observation equation
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Consider again an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

_ Vi _ ¢1 1 Vi—1 c
Bt_|:¢2yt—1 ]_[ﬁbz 0] [¢2)’r—2]+[
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Consider again an AR(2) process

Vi

¢+ G1yi—1 + ¢ayi—2 + &1,
e = WN(0,0?%).
State equation

_ Vi _ ¢1 1 Vi—1 c
Bt_|:¢2yt—1 ]_[ﬁbz 0] [¢2)’r—2]+[

Observation equation

=11 0][4552_1]‘
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@ Consider an MA(1) process
W

= p+e+0ey,
&t

WN(0,52).
State equation

Observation equation
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@ Consider an MA(1) process

i = pre+0ey,
e = WN(0,0%).
@ Define

State equation

Observation equation
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@ Consider an MA(1) process

i = pre+0ey,
e = WN(0,0%).
@ Define

I
/Bt - |: 05; :|
@ Then

State equation

0 1 1
ﬁt:|:0 0:|/Bt—l+|:0:|8t
Observation equation
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@ Consider an MA(1) process

i = pre+0ey,
e = WN(0,0%).
@ Define

I
/Bt - |: 05; :|
@ Then

State equation

0 1 1
Bt:|:0 0:|/Bt—l+|:0:|8t
Observation equation

y=p+[1 0]5.
«O0>» «Fr «EZr «E>» A
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ARMA(1,1):
Set u =0,
Ve = ¢yi—1 + &+ 0g1, & NN(OaUZ)‘
form.

@ There might be more than one way to represent a model in a state-space

@ There might be differences in efficiency between different ways.
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Yo = Oyi—1 + &+ Oei,
State equation:

e ~N (0’ 02).
@ The general form

/Bt = Fﬁt—l “+ Vs

«O» «Fr «=»r «E>» .



Yo = Oyi—1 + &+ Oei,
State equation:

e ~N (0’ 02).
@ The general form

By =FBi_1 +w
o Let

ﬂt:[ii]iﬁtﬂ:[g:i]
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Ve =

Oyi—1 + &+ 0e1,
State equation:

Er N(O, 0'2).
@ The general form

B =FBi—1 +v.
o Let

€r—1

=] 2] == ] 2]
o Putting y, =

¢y:—1 + 0g,_1 + €, in a matrix notation
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Vi =¢yi—1 + &+ 0e1,
State equation:

Er N(O, 0'2).
@ The general form

B =FBi—1 +v.
o Let

ﬂt: i

)0 (2]

€r—1
e Putting y, = ¢y, + 0, + ¢, in a matrix notation:

Vi _ -¢0 Yi— &t
MR
By F

Bi-1
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Prediction Error Decomposition ~State-Space Kalman

Examples: ARMA(1,1)

Measurement Equation  Transition Equation Error terms Examples

Vi = dyi—1 +€t+95t717 gth(O,Uz).
State equation:
@ The general form

By = FBi—1 + V.

o Let

Bz: yt:|:>/8r—l:[yt_l ]
e Putting y; = ¢y,— + 05,1 + &; in a matrix notation:

Vi _ _¢8 Yi— &y
eI NS
F

B

t—1 Vi
2

2
andv, ~N(0,0).0=| 7, 7,

ag
y; — observable, e,—unobservable, forecast error
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Examples: ARMA(1,1)

Observation equations:

Vi H By

no exogenous variables: A = 0, also R = 0.

oy, =Hp
The parameters ¢, , o are captured in F, Q matrices. The Kalman Filter
will estimate them.

o For KF what goes in (3, doesn’t matter.
@ Only parameters F, Q, H, R will matter.
@ The state vector is now defined by F, Q, H, and the observations.
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A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

e

Oyi—1 + &+ Oei—1,
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e
(1 —¢L)y:

A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

Oyi—1 + &+ Oei—1,
(1 + 9L)€t

«0O0r «F»r «=»r < > o>



A more “elegant” (i.e. easier for computation) representation.

Lag notation (alternative representation for ARMA(1,1))

Vi ¢yt—1 +é&+ 0€t—1,
Wt

(1—¢L)~'(1+06L)e,
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A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

Yo = oyi—1+e+ 01,
(1—¢L)y, = (1+06L)

yo = (1—¢L) '"(1+06L)s

yi = (1+60L)(1—¢L) e
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(1 —¢L)y:

A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))
Yoo =

Oyi—1 + &+ Oei—1,
(1 + 9L)€t
Wt

(1—¢L)~'(1+06L)e,
Y (1+6L)(1 — ¢L) e,
Define x, = (1 — ¢L) "¢,

«4O0r <Fr «=)r» «=>» = o>
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ARMA(1,1): Alternative Representation

A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

i = ¢y171 + e+ 95#1,
(1—-¢L)y. = (1+6L)s
yo = (1—¢L)"'(1+06L)e,
yo = (1+6L)(1—¢L) e,
Define x; = (1 — ¢L) g,
(1=¢L)x, = &, (x; is AR(1), not observed)
Xi— 1 = &
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ARMA(1,1): Alternative Representation

A more “elegant” (i.e. easier for computation) representation.
Lag notation (alternative representation for ARMA(1,1))

yi = v +e+0e,

(1 —¢L)y: = (1+0L)e
yo = (1—¢L)"'(1+06L)e,
yo = (1+6L)(1—¢L) e,

Define x; = (1 — ¢L) g,

(1=¢L)x, = &, (x; is AR(1), not observed)
Xi— 1 = &
Then,
. = (1+06L)x
yi = X+ 0x_p.

So y, is a linear combination of 2 unobservable AR(1) processes, x; and x,_;.
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Vi

Observation equation (all randomness in the state equation)
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ARMA(1,1): State-Space

Observation equation (all randomness in the state equation)

)’z = H/Bh
where

o= Dok

@ Inside H there are parameters to be estimated.

@ A =0, no exogenous, R = 0 as the observable equation is just the
identity (no randomness of e;).
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ARMA(1,1): State-Space

State equation
Xt _ ¢ 0 Xi—1 &t
L= s ] e e
Br F Bi—1 Vi

SO

2
v~ N(0,0). Qz[({) 8}

@ So¢isinF,#inH, and o2 in Q.
Given F, Q,H,A, R and data (y,’s), use Kalman Filter to find prediction error

decomposition of joint likelihood for y7 = (yy,...yr), given by
L(0, ¢, 0%|yr). (exact likelihood)
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KALMAN FILTER
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Prediction Error Decomposition State-Space Kalman Kalman Filter Mean of 3 Variance of 3 y; KF Kalman Gain

Kalman Filter

Kalman filter:
@ purpose: to make inference about unobservable given the observable,
@ application: signal extraction in engineering,

@ cconomics: don’t know the parameters F, Q, H and want to estimate
them.

State-space form
ME: Measurement (Observation) equation:

v = Hp; + e, e,NN(O,R)
SE: Transition (State) equation:
Br=p+FBi—1+ vy, v ~N(0,0),

Elep)] = 0.
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Prediction Error Decomposition  State-Space Kalman Kalman Filter Mean of 8 Variance of 8 y; KF Kalman Gain

Mean of (3

@ [, is arandom variable
e it might be unobservable and no data for it,
e it is normal random variable as it is sum of normal variables, v, ~ N.

Conditional mean

ﬂt|Qt—1 ~ N(E[Bt‘Ql—l]aVar(BZ|Ql—l))
E[B|Qu-1] = Bi—1s conditional expectations.

We may not know what [3’s are.
If we have information about its distribution, we can calculate mean,
variance, etc.

e [;—1 may be not observable: take expectations of it
E[3;|Q 1] Eﬂt\lfl = [+ FE[B1]%1]+0
5t\z—l = /-L+F5t—l|t—la

In AR(1): Ely] = 1 + @E[y:—1], last term is observable.
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Variance of (3

Conditional variance

Var(B;|Qy—1) = Pt\t—l = E[(B, — ﬂz|t—1)(5t - /8t|t—l)l]'

Recall
var(ax) = a*var(x), a — scalar, x — random vector.

Two sources of randomness (variation) for 3;:
@ v, is arandom variable,

@ [, is also random so there might be difference between §;_; and
Byji—1, there may not be equal to each other.

Pt|t—l = FP,_1|,_1F/ +0,

where P,|;_1, uncertainty about 3; equals sum of uncertainty about 3,1,
P;_1};—1, and uncertainty about v;.
Note: cov(B;—1,v;) = 0.
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© ); is arandom variable.
o Now, we have data on y,.

e We have some joint density of y;, 3; and some prior.
e Using data we get posterior of ;.

o We want to make inference for 3, which we don’t observe.
o We see y, which is related to 5.

e We make inferences on [3; by observing joint density (distribution) of ys
and s (Bayesian view).

«Or «Fr «=)>r 4« >
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Distribution of y, given state-space

yt|Qt—l ~ N(E[ytlgt—lL Var()’t|9t—l)7
@ Conditional mean

@ Conditional variance

E[y|Su—1] = yyi—1 = HByj—1 + 0

var(y:|:-1) =fi1 = HPt|t—lH/ +R,
since we don’t know [3;.

@ Note: cov(Hf;, e;) = 0 because E[v,e;] = 0.

IfE[vie] # 0 we will add another term in the var(y;|Q,—) capturing that.
«4O0r <Fr «=)r» «=>» = o>
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@ Covariance between 3, and y;:
COV(yz, ﬂt'ﬂt—l) = Pt|t—1HI1

B

t

as cov(HB; + e;, B;) = cov(HpB,, B;) + cov(er, B;) = cov(Bs, Br)H + 0
Then, the joint distribution for y, and /3, is joint normal:

/Bt|t—l ] [ Pt|t—1 Pt|t—1H, :|)
Q1 ~N , .
! (|: H/Bt|t—1 Pt|t—1H, ft|t—1

«0O0r «F»r «=»r < > o>



Prediction Error Decomposition State-Space Kalman

Kalman Filter

Kalman Filter Mean of 3 Variance of 8 y;

KF Kalman Gain

Two steps of Kalman Filter :
(a) Prediction,

(b) Given y; updating inference on (.

Definition

Given Sy)o, Po|o, Kalman Filter solves the following six equations fori = 1,...,T

Prediction of y;, 3
( 1 ) By I —
(2) P th—1 =
Forecast error:
3) Mt|t—1
Variance of forecast error:
(4) ft\t—l
Updating of y;, 5
(5) Bt|t =
(6) P e =

Kt

ﬁ+FBt—1|t—l)
FPt—1|r—1 F + 0,

Yt = Vt|e—1 = Yt — Hﬁt|t717
HPy H +R
ﬁt\t—l + K15

Pyjy—1 — kHPy_y,

P,|,_1H’fi‘_ti1 “Kalman gain”.

222061-1617: Time Series Econometrics
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Prediction Error Decomposition State-Space Kalman Kalman Filter Mean of 3 Variance of 3 y; KF Kalman Gain

Kalman Filter

@ 510, Pojo- are equal to unconditional mean and variance, and reflect
prior beliefs.
o If the state space model is covariance stationary,

E[B] =B = [T—p '
var(f) = Pog = FPooF +Q
vec(Pog) = vec(FPyF') + vec(Q)
vec(Pojg) = (F® F)vec(Py)g) + vec(Q)
vec(Popp) = (I—F®F) 'vec(Q).

since vec(ABC) = (C' ® A)vec(B).
@ Equation (5) is a linear combination of previous guess and forecast

CITOr.
(5) IBt|t = ﬁt|t71 + KeMe)e—15
(6) Pt|t = Pl|t—1 - ’ftHPt|t—17
K = Pz|171H/f,‘?11 “Kalman gain”.
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Prediction Error Decomposition State-Space Kalman Kalman Filter Mean of 3 Variance of 3 y; KF Kalman Gain

Kalman Gain

@ The stronger the covariance between y, and f3;, the more we will update
when we see high forecast error.

o If the relationship is weaker, we don’t put much weight as probably it is
not driven by [;.

@ The weight depends on the variance of forecast error: if f~! big, put
high weight on that observations.

@ Once we have 7,1, f;;—1, we can do MLE after constructing the joint
likelihood of prediction error decomposition.
o The Kalman gain depends on the relationship between y; and [3; since
Py—1H' = cov(B;,y:) and f,f,l] is the precision of the forecast error.
o The bigger the variance of forecast error the smaller the Kalman gain and
less weight put to updating.
o Equation (6) measures conditional variance.
e Since we observe y, the uncertainty declines.
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